Problems
Let w 1 , .., w n+1 be positive integers, and put d := w i . We call the weight vector w = (w 1 , .., w n+1 ) admissible if the generic weighted degree d hypersurface in C n+1 is smooth away from the origin. This means that the weighted projectivized hypersurface in P[w] is transversal, ie. it only acquires singularities from the ambient space P[ŵ]. For n = 3, there is a list of admissible weights of Reid-Yonemura (see [4] ). For n = 4, there is a list admissible weights obtained by Klemm-Schimmrigk [5] and Kreuzer-Skarke [6] .
Given an admissible weightŵ = (w 1 , .., w n+1 ) we can consider in P Note that by permuting the weights, this includes the casesX a ∩ {z i = 0} for any i.
More generally, Problem 1.2. When is there a 1-parameter family of hypersurfaces Z λ such that X a,λ :=
X a ∩ Z λ is isomorphic to a transversal Calabi-Yau variety?
For n = 4 and with some assumptions on the weights, a short list of such cases has been tabulated in [1] . We say that ν is compatible with the weightŵ ifŵ · ν = d.
Let w = (w 1 , .., w n ) andw its normalization, ie.w := (w 1 /δ 1 , .., w n /δ n ) where δ i := lcm(ρ 1 , ..,ρ i , .., ρ n ) and ρ i := gcd(w 1 , ..,ŵ i , .., w n ). It is well known that φ :
is an isomorphism under the normalization map (z 1 , .., z n ) → (z ρ 1 1 , .., z ρ n n ). It is easy to show that δ 1 ρ 1 = · · · = δ n ρ n ; we call this integer k.
We require that the imageX a = φX a is a transversal Calabi-Yau variety in P [w] . If x 1 , .., x n are the quasi-homogeneous coordinates of P[w], then a Calabi-Yau variety can be written asX
1 whered := n i=1w i = w i /δ i . Pulling this back by the normalization map, we see that
If we require that φ −1X b = X a for some a, then we conclude that (a) every µ ∈ Z n + compatible withw has w i ρ i µ i = d, and ν = (ρ 1 µ 1 , .., ρ n µ n , 0) is an exponent compatible withŵ.
(b) every exponent ν ∈ Z n+1 + compatible withŵ having ν n+1 = 0 is of the form ν = (ρ 1 µ 1 , .., ρ n µ n , 0) for some exponent µ compatible withw.
We claim that d = kd. This follows from (a) and the fact that k = ρ i δ i . Since µ = (1, .., 1) is compatible withw, it follows from (a) that w · ρ = d. Thus our task is to search through the list of normalized admissible weightsŵ (n = 4) satisfying
the second problem
We consider our second problem under the following assumption. We assume that Z λ is of the form λ 1 z n+1 = λ 2 p(z) where λ = [λ 1 , λ 2 ] is regarded as a point in P 1 , and p(z) a fixed nonzero quasi-homogeneous polynomial independent of z n+1 and has degree w n+1 .
When λ 2 = 0 this reduces to the case in the first problem. This generalization turns out to require just some minor modification. Specifically, in addition to conditions (i)-(iii), we must require that the weight component (iv) w n+1 can be partitioned by the components w 1 , .., w n . This is true iff p exists. Note that as λ varies the intersectionsX a ∩ Z λ form a pencil of codimension one subvarieties inX a . In the case of n = 4 we require that they are transversal K3 varieties when λ 1 = 0. In our list of 628 cases above, we find that all of them admit this description hence enlarging the list of [1] .
The table given in the appendix is the list of the 628 cases. The number denoted i between 1 and 5 in the table indicates Z λ is of the form λ 1 z i = λ 2 p(z) as in the case i = n + 1 discussed above. Some of the examples in this list have been studied in great details in the context of mirror symmetry (see for example [7] [8] [9] ), and in connection with string duality in [2] [10] and others.
We note that the conditions we impose in our method for enumerating K3 pencils are only sufficient but not necessary. There is in fact a criterion given in [11] for K3 pencils using the intersection ring of the Calabi-Yau variety. In fact in [9] (see the conclusion section there) we have already used this criterion to give a few examples of K3 pencils in which we have computed the intersection ring. For example, the Calabi-Yau hypersurfaces in P [8, 3, 3, 1, 1] was found to have a K3 pencil according to the criterion of [11] , but this example fails to satisfy conditions (i)-(iii) above. In [9] , we have also given an algorithm for computing the intersection ring of Calabi-Yau hypersurfaces in weighted projective spaces.
This algorithm can in principle be carried out for all of the list [5] , and be used to check the criterion above. But the actual computation can be enormous.
For completeness, we also do the case of n = 3. Thus we search through the list of transversal K3 hypersurfaces in [4] which admits a pencil of elliptic curves in one of the following transversal weighted projective spaces P[1,
analogues of conditions (i)-(iii) are satisfied by 18 admissible weights, and all of them satisfy condition (iv). 
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